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A vortex in Bose-Einstein condensates is a localized object which looks much like a tiny tornado
storm. It is well described by mean-field theory. In the present work we go beyond the current
paradigm and introduce many-body vortices. These are made of spatially-partitioned clouds, carry
definite total angular momentum, and are fragmented rather than condensed objects which can only
be described beyond mean-field theory. A phase diagram based on a mean-field model assists in
predicting the parameters where many-body vortices occur. Implications are briefly discussed.
PACS numbers: 03.75.Hh, 05.30.Jp, 03.75.Kk, 03.65.-w
A vortex is a fundamental object in many branches
of physics and engineering. Vortices have been created
in experiments with Bose-Einstein condensates (BECs)
made of ultracold quantum gases [1–4]. There are am-
ple theoretical works discussing vortices, variants thereof,
and their properties in BECs, see, e.g., [5–22]. For a com-
prehensive review see [23] and references therein.
BECs are made of many identical particles. As such,
they are subject to the Schro¨dinger equation and are
described by a many-body wavefunction. In BECs, a
vortex is commonly described by a complex order pa-
rameter (single-particle function) which is the solution of
the non-linear Schro¨dinger equation, or, as it is explicitly
known to in the field, Gross-Pitaevskii equation [23–26].
This implies that a vortex is a quantum object for which
the many-body wavefunction is well approximated by the
product
φ(r) = eilϕf(r) −→ Φ(r1, . . . , rN ) = Π
N
j=1φ(rj). (1)
In (1), l is an integer which equals to the angular mo-
mentum carried by each particle and N is the number of
particles. For simplicity, the coordinate r = (r, ϕ) is in
two spatial dimensions. Clearly, the wavefunction Φ is an
eigenfunction of the many-particle angular-momentum
operator Lˆz with the total angular momentum L = Nl.
In the present work we go beyond the current paradigm
for vortices and introduce vortices of the many-body
kind, or many-body vortices (MBVs) as they shall be
referred to below. MBVs are objects made of spatially-
partitioned clouds and carry definite total angular mo-
mentum. Two kinds of MBVs are discussed. MBVs
of the first kind are at the global minimum of the en-
ergy for states with definite total angular momentum
and where all the bosons carry the same angular mo-
mentum. MBVs of the second kind are excited states
in which macroscopic fractions of bosons carry different
angular momenta. We devise a phase diagram for MBVs
based on a simple model, and use it to predict and an-
alyze the parameters of their occurrences. MBVs are
fragmented rather than condensed objects, and can only
be described beyond mean-field theory. Fragmentation is
a many-body property of BECs derived from the eigen-
FIG. 1. (Color online) (a) The standard vortex in a two-
dimensional circular trap potential. The bosons carry the
same angular momentum, L/N = 1. (b) Many-body vor-
tex of the first kind in a circular trap split by a radial bar-
rier. Although the bosons carry the same angular momentum,
L/N = 1, the wavefunction is fragmented, many-body in na-
ture and composed of an inner and outer clouds. See text for
more details. Shown are the densities, the bottom panels plot
the phase. The insets (in gray) depict the trapping potentials.
values of the reduced one-body density matrix [27–29]. If
there is only one macroscopic eigenvalue the system is re-
ferred to as condensed, whereas if there are two or more
such eigenvalues the system is said to be fragmented.
Fragmentation of BECs has drawn much attention, see,
e.g., [30–43].
Consider a repulsive trapped BEC made of N = 100
bosons in two spatial dimensions. The many-boson
Hamiltonian is given by Hˆ(r1, . . . , rN ) =
∑N
j=1[Tˆ (rj) +
V (rj)]+
∑
j<kW (rj−rk). Tˆ (r) is the kinetic-energy op-
erator, V (r) the trap potential, and W (r− r′) the inter-
particle interaction. The short-range interaction between
2FIG. 2. (Color online) Ground-state phase diagram of many-
body vortices in a circular trap. A model based on the
Gross-Pitaevski mean-field theory is employed. The number
of bosons is N = 100 and the interaction parameter λ0 = 0.02.
The energies of states in the inner (IN) disk and outer (OUT)
annulus parts of the trap are, respectively, decreasing and in-
creasing as a function of the radius R. The four (three) curves
represent, from bottom to top, states in the OUT (IN) part
with total angular momentum L/N = 0 (solid blue), 1 (solid
red), 2 (solid black), and L/N = 3 (solid orange). States with
angular momentum ±L/N are degenerate. The crossings of
the IN and OUT curves in the mean-field diagram marks the
parameters where the MBVs occur. For these radii, maximal
fragmentation on the many-body level is encountered. See
text for more details. All quantities are dimensionless.
the bosons is modeled by a Gaussian function [44, 45]
W (r − r′) = λ0
e−(r−r
′)/2σ2
2piσ2 with a width σ = 0.25. The
interaction parameter is λ0 = 0.02. We employ dimen-
sionless units, which are readily obtained by dividing the
Hamiltonian by ~
2
md2 , where m is the mass of a boson and
d is a length scale. Realistic experimental parameters for
the systems studied below are given in [46].
We begin with the standard vortex in the potential
of Fig. 1a, computed with the Gross-Pitaevskii wave-
function (1) for angular momentum L/N = 1. Here
V (r) = Vc(r), where Vc(r) = {200e
−(r−rc)
4/2, r ≤ rc =
9; 200, r > rc} is a flat trap which has the shape of a
“crater” of radius rc. We have chosen a flat potential
Vc(r) in order to allow the BEC to fill in the full area.
This can readily be seen in Fig. 1a.
The central question we address in this work is how
to go beyond the standard mean-field vortex (1)? The
answer, as we shall see below, has to do with parti-
tioning the BEC in space into two parts, thereby in-
troducing many-body effects. In as much as splitting
a BEC into two, left–and–right clouds leads to many-
body physics and even fragmentation, see, e.g., [32], we
hereby propose to analogously do that with vortices. To
this end, the BEC is now placed in the radially-split
trap shown in Fig. 1b. The explicit form of the one-
body potential is given by V (r) = Vc(r) + Vb(r), where
Vb(r) = 200e
−2(r−R)4 is a ringed-shaped radial barrier of
radius R. The BEC has now, in principle, two spatially-
partitioned areas to occupy. What would happen?
The split potential V (r) can be considered as made of
two distinct parts, an inner disk and an outer annulus,
separated by a radial barrier centered at r = R. In the
forthcoming analysis, this observation serves in forming a
model. Obviously, the energy of the system of total angu-
lar momentum L/N = 1 changes with the barrier’s radius
R. Furthermore, the location of the vortex in the split
potential also changes with R. To facilitate our discus-
sion, the energies of a vortex in the inner disk and outer
annulus as a function of R are plotted in Fig. 2. These
energies are computed numerically using the ansatz (1),
i.e., by solving the Gross-Pitaevskii mean-field equation
in the disk and, separately, in the annulus [48]. For larger
R, the system is located in the inner disk, and looks much
like the vortex shown in Fig. 1a. For smaller R, it is en-
ergetically favorable for the system to be located in the
outer annulus. Now, the system’s lowest state of defi-
nite angular momentum L/N = 1 is a vortex state in the
outer annulus rather than in the inner disk.
The inner disk and outer annulus become energetically
equivalent at the barrier’s radius R = 4.04, see the cross-
ing point marked as (1IN, 1OUT) in Fig. 2. One might
expect then the BEC to occupy the entire trap and, con-
sequently, for many-body effects to set in. We are now in
a need for a suitable theoretical framework to cope with
such many-body effects.
To go beyond the standard paradigm for vortices (1),
let us suppose that the system of many identical bosons
occupies not one but two, orthogonal one-particle func-
tions, φ1(r) and φ2(r). These functions carry the angular
momenta l1 and l2, respectively. The system’s most gen-
eral wavefunction takes on the form
φ1(r) = e
il1ϕf1(r), φ2(r) = e
il2ϕf2(r), −→
|Ψ〉 =
N∑
n1=0
Cn1 |n1, n2〉, n1 + n2 = N. (2)
In (2), the Cn1 are expansion coefficients and |n1, n2〉
are Fock states (permanents) with n1 bosons in the one-
particle function φ1(r) and n2 bosons in φ2(r). For the
wavefunction |Ψ〉 to be an eigenfunction of the many-
particle angular-momentum operator Lˆz, let l1 = l2 = l.
In this case, there is in principle no restriction on the
expansion coefficients Cn1 . Namely, any distribution of
the bosons between the two one-particle functions φ1(r)
and φ2(r) has the total angular momentum L/N = l. Let
us investigate now the BEC in the split trap of Fig. 1b
with the many-body ansatz (2).
To calculate the optimal many-body wavefunction (2)
of the BEC, namely to determine the one-particle func-
tions φ1(r) and φ2(r) and expansion coefficients Cn1 , we
employ the multiconfigurational time-dependent Hartree
for bosons (MCTDHB) method [51–53]. The MCT-
DHB method has been shown to produce accurate many-
body solutions in various applications, see, e.g., [54–
360]. Explicitly, we employ imaginary-time propagation
within the the recursive MCTDHB (R-MCTDHB) [61]
and MCTDHB [62] software packages, augmented by
angular-momentum projection operators. For our inves-
tigations, a square box of size [−12, 12)× [−12, 12) and
spatial grid of size 128× 128 are used and found to con-
verge the results to the accuracy given below.
As a first application, we have computed with the
many-body ansaz (2) the standard vortex and found the
mean-field description (1) to be valid in the flat poten-
tial trap of Fig. 1a. Explicitly, the BEC is condensed
to more than 99.9%. We then turned to the split po-
tential of Fig. 1b, and to the crossing point at radius
R = 4.04 marked as (1IN, 1OUT) in Fig. 2. Indeed, as
was expected, the density is spread now in the disk and
the annulus, see Fig. 1b, while the entire BEC has one
and the same phase. We remind that the total angular
momentum is L/N = 1.
The object shown in Fig. 1b has appealing properties
and deserves a deeper examination. First, its energet-
ics. Of all states carrying definite total angular momen-
tum L/N = 1, it has the lowest energy in the trap.
Second, it is an ‘extended’ object which combines two
spatially-partitioned parts. The inner part looks much
like the standard vortex, the outer part as an annulus
vortex state. We stress that this is one and the same
quantum object with a single many-body wavefunction!
Third, analysis of the many-body wavefunction reveals
that the object in Fig. 1b is actually fragmented rather
than condensed, with natural orbitals’ occupations of
n1 = 50.45% and n2 = 49.55%. Fourth, the two frag-
ments are coupled, see for more details the Supplemental
Information [63]. Summarizing all these properties, we
shall henceforth refer to this novel quantum object as an
MBV of the first kind.
The idea of an MBV – a spatially-partitioned and frag-
mented quantum object, carrying macroscopic definite
total angular momentum – can be further pursued. This
is because now a degree-of-freedom to distribute the an-
gular momentum between two parts is available. Let us
come back to the many-body wavefunction (2). The sec-
ond possibility to the requirement from |Ψ〉 to carry def-
inite total angular momentum L can be met for l1 6= l2.
This dictates that only a single term in (2) can have
a non-vanishing expansion coefficient Cn1 , say the term
with n1 = n. In that case the total angular momentum
of |Ψ〉 is L/N = (n/N)l1+(1−n/N)l2. This is a general
argument. We shall now demonstrate how it manifests
itself with a BEC in the split trap of Fig. 1b.
We return to the model of the split trap in terms of
an inner disk and outer annulus, and compute the states
of angular momentum L/N = 0, 1, 2, 3 using the Gross-
Pitaevskii wavefunction (1). Fig. 2 plots the energies of
these states as a function of the radius R. As the radius
increases, the energies of states in the disk decrease, and
those of the states in the annulus increase. States with
higher angular momentum L/N are higher in energy, and
those with ±L/N are degenerate.
There are many intersection points of the Gross-
Pitaevskii energy curves for the inner and outer states.
We concentrate on three such intersection points, marked
as (0IN, 2OUT), (−1IN, 3OUT), and (2IN, 0OUT) in Fig. 2.
These occur at completely different radii, R = 3.43,
3.955, and 4.42, respectively. What is common to these
three intersection points? First, by definition, that the
Gross-Pitaevskii energy of a BEC in the inner disk is
equal to that in the outer annulus. Second, that the
BEC in the inner part has different angular momentum
than the BEC in the outer part. And third, that the
total angular momentum of a fragmented state equally
distributed between such states would be L/N = 1.
With the above preparatory analysis at hand, we have
employed the many-body ansatz (2) at the respective
radii R = 3.43, 3.955, and 4.42. We have searched for
the states lowest-in-energy when allowing the bosons to
be distributed between two one-particle functions, φ1(r)
and φ2(r), with angular momenta l1 = 0 and l2 = 2,
l1 = −1 and l2 = 3, and l1 = 2 and l2 = 0, respec-
tively. In all three cases, as expected from the conserva-
tion of angular momentum, a single term of the many-
body expansion (2) emerges. Furthermore, in all three
cases, in line with the predictions of the phase diagram in
Fig. 2, the term lowest-in-energy is the one with roughly
n1 = n2 = 50% natural orbitals’ occupations (the re-
spective numerical values are: n2 = 48.0%, n1 = 52.0%
for the orbitals with l1 = 0 and l2 = 2; n1 = 50.0%,
n2 = 50.0% for the orbitals with l1 = −1 and l2 = 3;
and n2 = 47.0%, n1 = 53.0% for the orbitals with l1 = 2
and l2 = 0). Fig. 3 depicts the densities of these novel
objects, all spatially-partitioned, macroscopically frag-
mented, and carrying definite total angular momentum
of essentially L/N = 1. Note the phases of each object
which are distinct in the inner and outer parts. Nonethe-
less, each of them is a quantum object with a single many-
particle wavefunction, see the Supplemental Information
for more details [63]. We shall henceforth refer to these
quantum objects as MBVs of the second kind.
A comparative discussion on the energetics and sta-
bility of MBVs is in place. The MBVs of the first kind
(Fig. 1b) are at the global minimum of energy; They
correspond to a fragmented ground state of a BEC with
total definite angular momentum L/N in the split trap
of Fig. 1b. The MBVs of the second kind (Fig. 3) are
macroscopically fragmented excited states [35]. Consider
the MBV associated with the crossing point (0IN, 2OUT)
in the phase diagram of Fig. 2. The global minimum of
energy for the corresponding barrier’s radius R = 3.43
and angular momentum L/N = 1 is the annulus vortex
state in the outer part of the trap. The wavefunctions of
the MBV and annulus vortex state are, of course, orthog-
onal. Furthermore, if trap imperfections are to introduce
coupling between the two states, we expect the tunneling
of N/2 of the particles from the inner disk to the outer
annulus, along with the exchange of angular momentum
between the two parts, to be a very slow process. This
would render even in case of trap imperfections the MBV
4FIG. 3. (Color online) Many-body vortices of the second kind. The total angular momentum is essentially L/N = 1. The
angular momenta l1 and l2 of the fragments in the disk and annulus parts are, respectively: (a) l1 = 0 and l2 = 2; (b) l1 = −1
and l2 = 3; and (c) l1 = 2 and l2 = 0. Shown are the densities, the bottom panels plot the phases. Observe the different phases
in the inner and outer parts. See text for more details.
a long-lived quantum state. The same analysis holds for
the MBV associated with the crossing point (−1IN, 3OUT)
at barrier’s radius 3.955. Finally, for the MBV associated
with the crossing point (2IN, 0OUT) at barrier’s radius
4.42, the global minimum of energy for angular momen-
tum L/N = 1 is a vortex state in the inner disk part
of the trap. Here as well, in case of trap imperfections
we expect the tunneling of N/2 particles from the outer
annulus to the inner disk to be a slow process, rendering
thereby the MBV a long-lived quantum state.
In conclusion, in the present work we go beyond the
standard paradigm of a vortex in Bose-Einstein con-
densates, which is a localized object well described by
mean-field theory, and introduce vortices of the many-
body kind. The MBVs are made of spatially-partitioned
clouds, carry definite total angular momentum, and are
fragmented rather than condensed quantum objects, de-
scribable only beyond mean-field theory. Two kinds of
MBVs are discussed. MBVs of the first kind are at the
global minimum of the energy for states of definite total
angular momentum and comprised of bosons carrying the
same angular momentum. MBVs of the second kind are
fragmented excited states in which macroscopic fractions
of bosons carry different angular momenta. A phase dia-
gram based on the solutions of the Gross-Pitaevskii equa-
tion in the inner and outer parts of the trap is instrumen-
tal in predicting the parameters where MBVs occur. The
most recent experiment [64] utilizing a spatially-split cir-
cular trap like in Fig. 1 encourages us to anticipated that
many-body vortices will be further studied theoretically
and searched for experimentally.
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SUPPLEMENTAL INFORMATION
We have introduced in the main text the spatially-partitioned many-body vortices. Because the potential holding
them has a high radial barrier, the natural occupation numbers of the two fragments are nearly 50% each. An
important issue in this case is the coupling between the two fragments. An instrumental way to answer this question
unequivocally, is provided by investigating the so-called pathway from condensation to fragmentation which the
standard, mean-field vortex undergoes when the radial potential barrier is ramped up all the way to the spatially-
partitioned many-body vortex. The two inter-connected questions are the subject of the Supplemental Information.
I. NATURAL ORBITALS OF SPATIALLY PARTITIONED MANY-BODY VORTICES
Figure S1. (Color online) The many-body vortex natural orbitals delocalize over the inner disk and outer annulus regions of
the trap, which are coupled. Shown are the real, imaginary, and absolute value of the natural orbitals. The natural orbitals are
seen to be continuous, complex-valued functions. Each delocalized fragment carry the same angular momentum per particle,
l1 = l2 = 1. All quantities are dimensionless.
A few remarks are instructive. First, we recall and stress that there is no general theorem requiring the natural
orbitals of a (repulsive) BEC to be localized. As a consequence of the above, the shapes of the radial parts of the two
fragments are a priori not constrained. The two natural orbitals in the case l1 = l2 = 1 (MBV of the first kind), see
Fig. S1, are found by the many-body computation to be delocalized over the disk and annulus regions. In the case
l1 6= l2 (MBV of the second kind), the two natural orbitals are found by the many-body computation to be localized
in the disk and annulus regions, see Fig. S2.
7Figure S2. (Color online) The many-body vortex natural orbitals for different angular momenta (top: l1 = 2, l2 = 0; bottom:
l1 = 0, l2 = 2) localize in the inner disk and outer annulus regions of the trap, which are nonetheless coupled for a finite barrier
height. Shown are the real, imaginary, and absolute value of the natural orbitals, which are seen to be continuous functions.
All quantities are dimensionless.
Second, since the many-body vortex is described by a many-body wavefunction [see Eq. (2) of the main text],
each of the fragments has its own phase, eil1ϕ and eil2ϕ, respectively, throughout all space. This is not the standard
Gross-Pitaevskii vortex, with a single phase [see Eq. (1) of the main text], that has been exclusively explored in the
literature. Each of the fragments is a continuous function of the coordinates. For l = 0 this function is real valued,
whereas for l 6= 0 it is complex valued.
Finally, the reason why the occupation numbers of the many-body vortices can differ from exactly 50% each is
two fold. Chiefly, because the barrier is not “high enough”. This is the topic of the subsequent section, see Fig. S3
therein. Furthermore, the “optimal” radius R of the barrier for which the disk and annulus regions are energetically
equivalent is determined according to a mean-field model, namely, in a “brute-force” absence of any coupling between
the inner and outer parts. In realty, the two are coupled and the system is solved on the many-body level.
8II. FROM THE STANDARD VORTEX TO THE SPATIALLY PARTITIONED MANY-BODY VORTEX
Figure S3. (Color online) The ground state of the BEC in the circular trap as a function of the barrier height. All bosons carry
the same angular momentum, l1 = l2 = 1. Shown are the occupation numbers (in percents). The ground state is no longer
condensed even for low barrier heights. The Gross-Pitaevskii theory ceases to be applicable and a many-body description of the
state is necessary. With increasing barrier’s height, the system gradually develops fragmentation. Even for the highest barrier
considered (the barrier height used in the main text, see Fig. 1), we have a single many-body system, and not two decoupled
systems. All quantities are dimensionless.
